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Introduction
The starting shot for the systematic characterization of supersymmetric solutions to supergravity the-
ories was given in 1982 by Gibbons & Hull [1], who obtained a partial characterization of the su-
persymmetric solutions of pure (minimal) N = 2 d = 4 supergravity, later completed by Tod [2]
using the consistency conditions of the Killing spinor equations, who realized that the assumption of
hypesurface orthogonality implicitly made by Gibbons and Hull was unnecessary for a solution to be
supersymmetric. In a related development, in 1985 Kowalski-Glikman [3] proved that the only solu-
tions to minimal N = 2 d = 4 SUGRA that do not break any supersymmetries, called the maximally
supersymmetric solutions, are Minkowski space, the Robinson-Bertotti spacetime (aDS2 × S2) and
a specific pp-wave called the 4-dimensional Kowalski-Glikman wave.
In the 30 years since, hosts of results3 concerning supersymmetric solutions to SUGRAs have
been obtained and many potent techniques were developed in order to obtain them. The first of such
techniques was developed by Gauntlett et al. in ref. [4] and used it to give a complete classification
of supersymmetric solutions to minimal N = 1 d = 5 SUGRA; this technique goes by the name
of bilinear method as it deals with the analysis of all the form-fields one can construct as bilinears
out off the Killing spinors. In this method there are 2 types of relations for the bilinears: first of all
there are “kinematical” relations between products of bilinears due to the Fierz identities and only
depend on the number and type of spinors employed in a given theory, and not on the theory itself
(matter content, equations of motion etc.). The second kind of relations are “dynamical” in that they
are differential relations determining the spacetime dependency of the bilinears and which originate
in the theory-specific Killing spinor equations. In this article we will use the bilinear method, but
it must be mentioned that there are more techniques e.g. spinorial geometry proposed by Gillard
3 We feel that it is sheer impossible to give an overview doing justice to all the interesting results obtained and shall re-
strict ourselves mainly to the results concerning the classification of supersymmetric solutions to N = 2 d = 4 supergravity
and apologize in advance for any omission.
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et al. in ref. [5], which is extremely powerful and much of the progress in the characterization of
supersymmetric solutions, especially to higher dimensional SUGRAs, was made using it.
Another technique that was developed in ref. [4] is an effort-saving one: preserved supersymmetry
implies, by means of the integrability condition for the existence of a Killing spinor, relations between
the equations motions implying that there is a minimal set of (components of) equations of motion that,
once these are satisfied, automatically ensure that all the equations of motion are satisfied. In ref. [6]
this effort-saving technique was linked to the so-called Killing Spinor Identities originally derived in
ref. [7]; the KSIs are the restriction of the gauge identities expressing the fact that a SUGRA action
is supersymmetric, to the case of vanishing fermionic fields and with a gauge parameter taken to be
the Killing spinor. The bottom line of [6]’s identification is that there is no need to calculate the
integrability conditions and that only the supersymmetric variations of the bosonic fields need to be
known.
The generalization of Gibbons & Hull’s result to vector multiplet-coupled N = 2, d = 4 SUGRA
was done first for static spacetimes in refs. [8] and in ref. [9] for general stationary solutions. In
ref. [10] the authors carried out a full characterization of supersymmetric solutions to this theory find-
ing in the timelike case full agreement with aforementioned works; the null case was found to allow
not only for pp-waves but also for stringy cosmic strings of the type first studied in [11]. This char-
acterization was then extended to the case of N = 2, d = 4 SUGRA coupled to vector multiplets
and hypermultiplets in ref. [12] and to the case of YM-vector multiplets in refs. [13, 14]; in the latter
theories one can, depending on the model, construct analytic, globally regular monopole solutions
and non-Abelian black holes. Caldarelli & Klemm [15] extended Tod’s results to the case of minimal
gauged N = 2, d = 4 supergravity and the resulting solutions were studied further by Cacciatori
et al. in refs. [16]; some examples of supersymmetric black holes had been already been obtained
in refs. [17, 18]. The fact that the maximally supersymmetric solution to this theory is aDS4, was
established by Kowalski-Glikman in ref. [19] and in refs. [20] it was shown that all solutions pre-
serving more than half of the supersymmetry necessarily arise as quotients of aDS4. In refs. [21]
the characterization of supersymmetric solutions to minimal gauged N = 2, d = 4 SUGRA was
extended by considering the coupling to Abelian vector multiplets and (rotating) black hole solutions
were constructed in refs. [22]. Finally, in refs. [23] a classification was made for the fake-SUGRA
analogue of gauged minimal N = 2, d = 4 SUGRA coupled to YM-vector multiplets, leading to
generalizations of Kastor & Traschen’s cosmological multi-black hole solutions [24]; as these theo-
ries are obtained by Wick-rotating the U(1) Fayet-Iliopoulos term, the potential has the opposite sign
w.r.t. supersymmetric theory, the maximally fake-supersymmetric solution is 4-dimensional De Sitter
space.
What for the moment is missing from the above laundry list of classification articles is the char-
acterization of supersymmetric solutions to gauged N = 2, d = 4 supergravity coupled to YM-vector
multiplets and hypermultiplets: the aim of the current article is to do just that, albeit for the timelike
case only.
Observe that this is no way means that there are no supersymmetric solutions to the full theory
known to the literature: for example supersymmetric domain walls were constructed in ref. [25],
recently the maximally supersymmetric solutions were classified in ref. [26] and supersymmetric Lif-
schitz, Schro¨dinger and (anti-)De Sitter solutions were considered in refs. [27, 28]; Supersymmetric
black-hole solutions with an Abelian gauging were constructed in ref. [29] and further analyzed in
ref. [30]. Lastly, let us mention refs. [31] in which the Bogomol’nyi bound for asymptotically aDS4
black holes and black strings are discussed.
The outline of this article follows the algorithm used in the classification of supersymmetric solu-
tions and is as follows: section 1 contains an extremely short introduction to gauged N = 2, d = 4
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SUGRA coupled to YM-vector and hypermultiplets. In section 2 we formulate the basic problem of
finding SUGRA solutions preserving some supersymmetry as the problem of finding expressions for
the purely bosonic SUGRA fields that allow for supersymmetry transformations that do not generate
non-trivial fermionic fields; the relevant equations to be solved are called the Killing Spinor Equa-
tions (KSEs) and the supersymmetric variation parameter is called the Killing Spinor. Given that
information, we detail the KSIs and discuss the minimal set of (components of) equations that must
be checked explicitly as to be sure that all the equations of motion are satisfied. Then in section 3
we analyze the differential constraints on the bilinears4 in general and in section 4 we shall introduce
coordinates and obtain the restrictions on the metric; at the end of that section we shall have obtained
necessary conditions on the fields in our theory for them to give non-trivial solutions to the KSEs.
In section 5 we will show that the conditions obtained thus far are not only necessary but also suf-
ficient to guarantee preserved supersymmetry. In section 6 we shall then discuss the equations that
need to be satisfied in order to solve the SUGRA equations of motion. Finally, section 7 contains our
conclusions.
We could not resist the temptation to include some appendices which explain the meaning and
properties of the mathematical objects which are used in the gauging of N = 2, d = 4 theories: in
app. A we give relations for the Pauli matrices and how to decompose the various spinorial bilinears
using them. App. B deals with the gauging of isometries in Special Geometry and app. C does the
same but for the hypermultiplets.
1 General gauged N = 2, d = 4 supergravity
In this section we are going to give a brief description of N = 2, d = 4 supergravity coupled
to n vector supermultiplets and m hypermultiplets with gaugings of some of the isometries of the
scalar manifolds associated to perturbative symmetries of the whole theory5 using as gauge fields the
fundamental (electric) vectors.6
The gravity multiplet of the N = 2, d = 4 theory consists of the graviton eaµ, a pair of gravitinos
ψI µ (I = 1, 2), which we describe as Weyl spinors, and a vector field A0µ (the graviphoton).
Each of the n vector supermultiplets of N = 2, d = 4 supergravity, labeled by i, j, k = 1, · · · , n
contains one complex scalar Zi, a pair of gaugini λI i described as Weyl spinors, and a vector field
Aiµ. The n¯ = n+1 vectors A0µ, Aiµ are are described collectively by an array AΛµ (Λ = 0, · · · , n).
In the ungauged theory, the scalar self-coupling is described by a non-linear σ-model with Ka¨hler
metric Gij∗(Z,Z∗); their coupling to the vector fields by means of a complex matrix NΛΣ(Z,Z∗).
These two couplings are related by a structure called Special Ka¨hler Geometry.7 In the gauged theory
there are additional couplings due to the scalar potential and the covariant derivatives of the scalars
that depend on the holomorphic components of the Killing vectors kΛi(Z) generating the isometries
that have been gauged, and on the momentum map PΛ(Z,Z∗), defined in eq. (B.18). The gauging of
the isometries of the Special Ka¨hler Geometry are described in detail in Appendix B.
Each hypermultiplet consists of 4 real scalars q (called hyperscalars) and 2 Weyl spinors ζ called
hyperini. The 4m hyperscalars are collectively denoted by qu (u = 1, . . . , 4m) and the 2m hyperini
4 As was mentioned above, the implications of the Fierz identities do not depend on the matter couplings and we shall
take them as given and refer the reader to ref. [32] for more information.
5 See e.g. ref. [33], the review [34] and the original works [35, 36] for more information onN = 2, d = 4 supergravities.
Our conventions are explained in refs. [32, 10, 12, 14].
6 The embedding-tensor formalism introduced in refs. [37] offers more general possibilities. Some of them have been
explored in refs. [38].
7 See e.g. ref. [33] or the appendix of ref. [10].
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by ζα (α = 1, . . . , 2m). The 4m hyperscalars parametrize a Quaternionic Ka¨hler manifold with
metric Huv(q). In the ungauged theory, the hyperscalars do not couple directly to any of the fields
of the vector multiplets and their only self-coupling is determined by Huv(q). In the gauged theory,
however, there are direct couplings between the hyperscalars and the vectors and complex scalars in
the scalar potential and in the covariant derivatives of the hyperscalars. These couplings depend on
the the Killing vectors kΛu(q) of the isometries that have been gauged and on the triholomorphic
momentum map PΛx(q), defined in eq. (C.12). The gauging of the isometries of the Quaternionic
Ka¨hler manifold are described in Appendix C.
The action of the bosonic fields of the theory is [33]
S =
∫
d4x
√|g| [R+ 2Gij∗DµZiDµZ∗ j∗ + 2HuvDµquDµqv + 2ℑmNΛΣFΛµνFΣµν
−2ℜeNΛΣFΛµν ⋆ FΣµν − V (Z,Z∗, q)
]
,
(1.1)
where the covariant derivatives acting on the scalars are defined in eqs. (B.4) and (C.3), the vector
field strengths in eq. (B.11); the scalar potential V (Z,Z∗, q) is given by
V (Z,Z∗, q) = g2
[−14(ℑmN )−1|ΛΣPΛPΣ + 12L∗ΛLΣ(4HuvkΛukΣv − 3PΛxPΣx)
+12Gij
∗
fΛif
∗Σ
j∗PΛ
xPΣ
x
]
.
(1.2)
The supersymmetry transformation rules of the fermions for vanishing fermions are
δǫψI µ = DµǫI +
[
T+µνεIJ − 12SxηµνεIK(σx)KJ
]
γνǫJ , (1.3)
δǫλ
Ii = i 6DZiǫI + [( 6Gi+ +W i) εIJ + i2W i x (σx)IKεKJ] ǫJ , (1.4)
δǫζα = iUαI u 6DquǫI +NαIǫI , (1.5)
where the covariant derivative acting on the spinors is given in eq. (C.35), our conventions for the Pauli
matrices are described in Appendix A and where Tµν and Giµν are, respectively, the graviphoton and
matter vector field strengths; they are defined by
Tµν ≡ 2iLΣℑmNΣΛFΛµν , (1.6)
Gi+µν ≡ −Gij∗f∗Σj∗ℑmNΣΛFΛµν . (1.7)
Th so-called fermion shifts Sx,W i,W i x, NαI are given by
Sx = 12gLΛPΛx , (1.8)
W i = 12gL∗ΛkΛi = − i2gGij
∗
f∗Λj∗PΛ , (1.9)
W i x = gGij∗f∗Λj∗PΛx , (1.10)
Nα
I = gUα
I
uL∗ΛkΛu . (1.11)
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The supersymmetry transformations of the bosonic fields, also for vanishing fermions, are
δǫe
a
µ = − i4 ψ¯I µγaǫI + c.c. , (1.12)
δǫA
Λ
µ =
1
4LΛ ∗εIJ ψ¯I µǫJ + i8fΛiεIJ λ¯IiγµǫJ + c.c. , (1.13)
δǫZ
i = 14 λ¯
IiǫI , (1.14)
δǫq
u = 14UαI
uζ
α
ǫI + c.c. , (1.15)
and do not depend on the gauge coupling constant g. Actually, they take the same form in the gauged
and ungauged cases, a fact that will be exploited in the derivation of the KSIs.
For convenience, we denote the bosonic equations of motion by
Eaµ ≡ − 1
2
√
|g|
δS
δeaµ
, Ei ≡ − 1
2
√
|g|
δS
δZi
, EΛµ ≡ 1
8
√
|g|
δS
δAΛµ
, Eu ≡ − 1
4
√
|g|H
uv δS
δqv
. (1.16)
and the Bianchi identities for the vector field strengths by
BΛµ ≡ Dν ⋆ FΛ νµ . (1.17)
Using the action eq. (1.1), we can calculate them to be of the form
Eµν = Gµν + 8ℑmNΛΣFΛ+µρFΣ−νρ + 2Gij∗ [D(µZiDν)Z∗ j
∗ − 12gµνDρZiDρZ∗ j
∗
]
+2Huv [Dµq
uDνq
v − 12gµνDρquDρqv] + 12gµνV (Z,Z∗, q) , (1.18)
EΛµ = Dν ⋆ FΛνµ + 14g(kΛ i∗DµZ∗i
∗
+ k∗Λ iD
µZi) + 12gkΛ uD
µqu , (1.19)
E i = D2Zi + ∂iFΛµν ⋆ FΛµν + 12∂iV (Z,Z∗, q) . (1.20)
Eu = D2qu + 14∂uV (Z,Z∗, q) , (1.21)
where we have defined the dual field strengths
FΛµν ≡ − 1
4
√
|g|
δS
δ ⋆ FΛµν
= 2ℜe (N ∗ΛΣFΣ+µν) = ℜeNΛΣFΣµν + ℑmNΛΣ ⋆ FΣµν . (1.22)
Combining the fundamental vector field strengths FΛ with their magnetic duals FΛ into a sym-
plectic vector FT = (FΛ, FΛ), one can rewrite many objects in a manifestly symplectic-invariant
form. For instance, the graviphoton and matter field strengths are given by
T+µν = 〈 V | Fµν 〉 and Gi+µν = i2Gij
∗〈Dj∗V∗ | Fµν 〉 , (1.23)
where the symplectic notation is for example explained in ref. [33].
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2 Supersymmetric configurations and Killing Spinor Identities
Our first goal is to find all the bosonic field configurations{
gµν(x), F
Λ
µν(x), A
Λ
µ(x), Z
i(x), qu(x)
}
,
for which the Killing Spinor Equations (KSEs) of these theories, i.e.
δǫψI µ = DµǫI +
[
T+µνεIJ − 12SxηµνεIK(σx)KJ
]
γνǫJ = 0 , (2.1)
δǫλ
Ii = i 6DZiǫI + [( 6Gi+ +W i) εIJ + i2W i x (σx)IKεKJ] ǫJ = 0 , (2.2)
δǫζα = iUαI u 6DquǫI +NαIǫI = 0 , (2.3)
admit at least one solution ǫI , which is then called a Killing spinor. As usual in this kind of analysis,
we will not assume that the Bianchi identities are satisfied by the field strengths of a configuration
which should be regarded as “black boxes”. Imposing the Bianchi identities will be equivalent to
imposing that those black boxes are related to the potentials (which are used explicitly in gauged the-
ories) by eq. (B.11); for the moment we will treat the vectors AΛµ and the vector field strengths FΛµν
as independent fields. We will impose the Bianchi identities together with the equations of motion
after we have found the supersymmetric configurations and at the end we will have supersymmetric
solutions determined by the independent fields
{
gµν(x), A
Λ
µ(x), Z
i(x), qu(x)
}
.
We start by studying the integrability conditions of the above KSEs: using the supersymmetry
transformation rules of the bosonic fields eqs. (1.12–1.14) and using the results of refs. [7, 6] we can
derive the following KSIs satisfied by any field configuration admitting Killing spinors:
EaµγaǫI − 4iεIJLΛEΛµǫJ = 0 , (2.4)
E iǫI − 2iεIJf∗ iΛ 6 EΛǫJ = 0 , (2.5)
Eu UαIuǫI = 0 , (2.6)
The vector field Bianchi identities eq. (1.17) do not appear in these relations because the procedure
used to derive them assumes the existence of the vector potentials, and therefore uses the vanishing of
the Bianchi identities.
It is convenient to treat the Maxwell equations and Bianchi identities on an equal footing as to
preserve the symplectic covariance of the theory, which means having a formally electric-magnetic
duality-covariant version of the above KSIs. This version can be found by performing duality rota-
tions on the above identities or from the integrability conditions of the KSEs (see e.g. [10]). Both
procedures give exactly the same symplectic-invariant result, namely
EaµγaǫI − 4i〈 Eµ | V 〉εIJ ǫJ = 0 , (2.7)
E iǫI + 2i〈 6 E | U∗ i 〉εIJ ǫJ = 0 , (2.8)
Eu UαIuǫI = 0 , (2.9)
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where Eµ is a symplectic vector containing the Maxwell equations and Bianchi identities
Eµ ≡
( BΛµ
EΛµ
)
. (2.10)
Acting on these identities with gamma matrices and conjugate spinors from the left, we get iden-
tities involving the equations of motion and tensors which are the bilinears of the Killing spinors. As
mentioned in the introduction, there are two cases to be considered, the sexer being the causal nature
of the vector bilinear V a ≡ iǫ¯IγaǫI , namely the timelike and the null case. In the timelike case
(the only one we are going to consider in this paper) we can use V a/|V | as the component e0 of an
orthonormal frame, obtaining the identities
E0m = Emn = 0 , (2.11)
〈 V/X | E0 〉 = 14 |X|−1E00 , (2.12)
〈 V/X | Em 〉 = 0 , (2.13)
〈 U∗i∗ | E0 〉 = 12e−iαEi∗ , (2.14)
〈 U∗i∗ | Em 〉 = 0 , (2.15)
Eu = 0 , (2.16)
where X ≡ 12εIJ ǫ¯IǫJ is the scalar bilinear and α is its phase [32]. These identities imply that [4, 6]
1. All the supersymmetric configurations automatically satisfy all the equations of motion except
for E0 and E00 and also the Bianchi identities.
2. We will only need to impose E0 = 0 on the supersymmetric configurations in order to have a
solution of all the classical equations of motion and Bianchi identities.
3 Killing equations for the bilinears
From the gravitino supersymmetry transformation rule eq. (1.3), using the decompositions eqs. (A.9)-
(A.11) we get the independent equations
8
DµX = iV
νT+νµ +
i√
2
SxV xµ , (3.1)
∇(µVν) = 0 , (3.2)
dVˆ = 4iXTˆ ∗− −
√
2S∗xΦˆx + c.c. , (3.3)
D(µV
x
ν) = T
∗−
(µ|ρΦx|ν)ρ + i√2XS
∗xgµν + c.c. , (3.4)
DVˆ x = −iǫxyzS∗yΦˆz + c.c. , (3.5)
where we denote differential forms with hats, and the SU(2)-covariant derivative is
DVˆ x = dVˆ x + ǫxyzAˆy ∧ Vˆ z . (3.6)
Eq. (3.2) indicates that V is, as usual in SUGRA, a timelike Killing vector. According to eq. (3.4),
the vectors V x are not, in general. However, for vanishing graviphoton field strength, they are con-
formal Killing vectors. The equations for dVˆ (3.3) and DVˆ x (3.5) will be used and analyzed later
on.
From the gauginos’ supersymmetry transformation rules, eqs. (1.4), we get
0 = V IK
µDµZ
i + εIJΦKJ
µνGi+µν +W
iδIK +XW
i I
K , (3.7)
0 = iX∗εKIDµZi + iΦKI µνDνZi − 4iεIJGi+µνV KJν
−iW iεIJV KJµ − iW i IJV KJ µ . (3.8)
The trace of the first equation gives
V µDµZ
i + 2XW i = 0 , (3.9)
while the antisymmetric part of the second equation gives
2X∗DµZi + 4Gi+µνV ν +W iVµ −W i JKV KJ µ = 0 . (3.10)
From eqs. (3.1) and (3.10) we get
V νT+νµ = −iDµX − 1√2S
xV xµ , (3.11)
V νGi+νµ =
1
2X
∗DµZi + 14W
iVµ − i4√2W
ixV xµ . (3.12)
The consistency of these expressions requires
V µDµX = 0 , (3.13)
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and eq. (3.9), respectively. Upon using the Special Geometry completeness relation [33]
FΛ+ = iL∗ΛT+ + 2fΛiGi+ , (3.14)
we obtain from eqs. (3.11) and (3.12), first of all
V νFΛ+νµ = L∗ΛDµX +X∗DµLΛ + i8gℑmN−1|ΛΣ(PΣVµ +
√
2PΣ
xV xµ) . (3.15)
Then, using FΛ+ = N ∗ΛΣFΣ+, we get for the symplectic vector of field strengths FT ≡
(
FΛ, FΛ
)
V νF+νµ = V∗DµX +X∗DµV − i8gΩ−1 (M+ iΩ)
[
PVµ +
√
2PxV xµ
]
, (3.16)
where M and Ω are the symplectic matrices
M≡

 I +RI−1R −RI−1
−I−1R I−1

 , Ω ≡ ( 0 I−I 0
)
, (3.17)
and we have defined
IΛΣ ≡ ℑm(NΛΣ) , RΛΣ ≡ ℜe (NΛΣ) , IΛΣIΣΩ = δΣΩ ; (3.18)
furthermore, we have introduced the following symplectic vectors for the momentum maps
P =
(
0
PΛ
)
, Px =
(
0
PΛ
x
)
. (3.19)
Had we used the embedding-tensor formalism [37], none of the components of these symplectic
vectors would have vanished and we would have obtained manifestly symplectic-invariant expres-
sions; using only the fundamental (electric) 1-forms as gauge fields, however, kills off half of the
components, as we have seen above.
After some straightforward manipulations we obtain the general form of the electric and magnetic
field strengths
F = −12 D[R Vˆ ] +
g
8
√
2|X|2 P
x Vˆ ∧ Vˆ x
−12 ⋆
{
Vˆ ∧
[
DI −
√
2g
(
R 〈R|Px〉 − 1
8|X|2 Ω
−1M Px
)
Vˆ x
]}
, (3.20)
where following ref. [10] we have defined
V/X ≡ R + iI . (3.21)
Let us now consider the hyperini’s KSE: it is convenient to rewrite it as
6DquǫI − iKx uvσxJ I 6DqvǫJ − igεIJL∗ΛkΛuǫJ + 12gL∗ΛDuPΛxσx IJǫJ = 0 . (3.22)
We only get one independent equation for the bilinears:
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V IK
µDµq
u − iKx uvσxJ IV JKµDµqv + gXδIKL∗ΛkΛu + i2gXL∗ΛDuPΛxσx IK = 0 . (3.23)
The trace of this equation is
V µDµq
u − i
√
2Kx uvV
xµDµq
v + 2gXL∗ΛkΛu = 0 , (3.24)
and its real and imaginary parts are
V µDµq
u + 2g|X|2RΛkΛu = 0 , (3.25)
K
xu
vV
xµDµq
v +
√
2g|X|2IΛkΛu = 0 . (3.26)
The rest of the equations that can be obtained from eq. (3.23) can also be obtained from these two.
In particular, we can get from eq. (3.26)
V xµDµq
u + εxyzK
y u
vV
z µDµq
v + 1√
2
g|X|2IΛDuPΛx = 0 . (3.27)
In order to make further progress we must introduce coordinates and obtain information about the
metric.
4 The metric
We define a time coordinate t associated to the timelike Killing vector V by
V µ∂µ ≡
√
2∂t . (4.1)
Then, by choosing the gauge fixing condition
V µAΛµ =
√
2AΛt = −2|X|2RΛ , (4.2)
we can solve eqs. (3.9,3.13) and (3.25) by taking all the scalar fields and the function X to be time-
independent,8 i.e.
∂tZ
i = ∂tX = ∂tq
u = 0 . (4.6)
The definition eq. (4.1) and the Fierz identity V 2 = 4|X|2 imply that Vˆ must take the form
8The consistency of this gauge choice in all the equations derived from the KSEs requires the use of several identities
that can be derived from the generic expression of the momentum map PΛ eq. (B.51), which is equivalent to
PΛ = 2|X|
2
fΛΣ
Ω
(
RΣRΩ + I
ΣIΩ
)
, (4.3)
the property eq. (B.45) and DMΛ = N ∗ΛΣDLΣ. These properties are
fΛΣ
ΩRΣRΩ = fΛΣ
ΩIΣIΩ = IΛΓfΣΩ
ΓRΣIΩ , (4.4)
fΛΣ
ΩRΣIΩ = −fΛΣ
ΩIΣRΩ = −RΛΓT
Γ∆
f∆Σ
ΩRΣRΩ . (4.5)
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Vˆ = 2
√
2|X|2(dt+ ωˆ) , (4.7)
where ωˆ is a spatial 1-form, which by definition, must satisfy
dωˆ = 1
2
√
2
d(|X|−2Vˆ ) . (4.8)
eqs. (3.3,3.1) and some straightforward manipulations imply that ωˆ must satisfy
dωˆ = − i
2
√
2
⋆
[(
XDX∗ −X∗DX + ig
√
2|X|2RΛPΛxVˆ x
)
∧ Vˆ|X|4
]
. (4.9)
Since the Vˆ xs are not exact, we cannot simply define coordinates by putting Vˆ x ≡ dxx. We can,
however, still use them to construct the metric: using
gµν = 2V
−2[VµVν − V J I µV IJ ν ] , (4.10)
and the decomposition eq. (A.9), we find that the metric can be written in the form
ds2 =
1
4|X|2 Vˆ ⊗ Vˆ −
1
2|X|2 δxyVˆ
x ⊗ Vˆ y . (4.11)
The Vˆ x are mutually orthogonal and also orthogonal to Vˆ , which means that they can be used as a
Dreibein for a 3-dimensional Euclidean metric
δxyVˆ
x ⊗ Vˆ y ≡ γmndxmdxn , (4.12)
where we introduced the remaining 3 spatial coordinates xm (m = 1, 2, 3). The 4-dimensional metric
takes the coordinate-form
ds2 = 2|X|2(dt+ ωˆ)2 − 1
2|X|2 γmndx
mdxn . (4.13)
In what follows we will use the Vierbein basis
e0 =
1
2|X| Vˆ , e
x =
1√
2|X| Vˆ
x , (4.14)
that is
(eaµ) =


√
2|X| √2|X|ωm
0 1√
2|X|V
x
m

 , (eµa) =


1√
2|X| −
√
2|X|ωx
0
√
2|X|Vxm

 . (4.15)
where Vxm is the inverse Dreibein VxmV ym = δyx and ωx = Vxmωm. Observe that we can raise and
lower flat 3-dimensional indices with δxy and δxy , whence their position is rather irrelevant. We shall
also adopt the convention that, from now on, all objects with flat or curved 3-dimensional indices refer
to the above Dreibein and the corresponding metric.
Using these conventions, we see that eq. (4.9) takes the 3-dimensional form
(dωˆ)xy = − 1
2|X|2 εxyz
{
i
(
D˜zX
X
− D˜zX
∗
X∗
)
−
√
2g 〈R | Pz 〉
}
, (4.16)
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or using the symplectic vectors defined in eq. (3.21)
(dωˆ)xy = 2εxyz
{
〈I | D˜zI〉 + g
2
√
2|X|2 〈R | P
z 〉
}
, (4.17)
where D˜ is the covariant derivative w.r.t. the effective 3-dimensional gauge connection
A˜Λm ≡ AΛm − ωmAΛt = AΛm +
√
2|X|2RΛωm . (4.18)
Let us now consider eq. (3.5): the mixed indices part takes on the form, using the gauge fixing
eq. (4.2),
∂tV
x
m = 0 , (4.19)
while the purely spatial part takes the form
dVˆ x + ǫxyz
˜ˆ
Ay ∧ Vˆ z + Tˆ x = 0 , (4.20)
where
˜ˆ
Axm ≡ Axm −
√
2g|X|2 〈 A˜m | Px 〉ωm = Axm − g 〈 A˜m | Px 〉 , (4.21)
Tˆ x = − 1
2
√
2
gǫxyz〈 I | Py 〉 ǫzvwVˆ v ∧ Vˆ w . (4.22)
The above equation can be interpreted as Cartan’s first structure equations for the Dreibein Vˆ x,
the SU(2)-connection 1-form ˜ˆAx and the torsion 2-form Tˆ x. It can be solved for the spin connection
as a function of the Dreibein and torsion, i.e.
̟xyz(V ) = −εyzwA˜wx −Kxyz(T ) , (4.23)
where ̟xyz(V ) is the standard 3-dimensional Levi-Civita` connection 1-form (which is completely
determined by the Dreibein), and Kxyz(T ) is the contorsion 1-form, to wit
Kxyz =
1
2{Txzy + Tyzx − Txyz} = −
√
2g 〈 I | P[y 〉 δz]x . (4.24)
This condition relates the spin connection of the 3-dimensional space with the pullback of the
SU(2)-connection, the gauge connection and the complex scalars. In the ungauged case, considered
in ref. [12], this complicated relation reduces to a straightforward relation between the first two.
Let us summarize our results: we have shown that
1. The metric of a bosonic field configuration of N = 2, d = 4 supergravity AΛµ, Zi, qu can be
written in the conformastationary form eq. (4.13) where the spatial 1-form ωˆ satisfies eq. (4.17)
and the spin connection of spatial 3-dimensional metric γmn is related to the pullback of the
quaternionic-Ka¨hler SU(2) connection AIJ µ and the gauge connection by eqs. (4.21,4.18) and
(4.23).
2. The vector field strengths must take the form that can be derived from eq. (3.15).
3. The covariant derivatives of the hyperscalars must satisfy eqs. (3.25) and (3.26). In the gauge
eq. (4.2), eq. (3.25) just states that the hyperscalars are time-independent.
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4. The complex scalars Zi must satisfy eq. (3.9) and in the gauge eq. (4.2) they are also time-
independent. Observe that there are no further equations for them.
In the next section we are going to show that the necessary conditions that we have just found are
also sufficient to have unbroken supersymmetry.
5 Killing spinor equations: necessary is also sufficient
Let us consider first the gaugini KSE eq. (2.2): by straightforwardly expanding and manipulating the
ingredients one can put it in the following form
δǫλ
Ii = i
√
2|X|γxD˜xZi
(
Π0ǫ
)I − ieiαW iγ0 (Π0ǫ)I − iW ixγ0xεIL ΠxLK ǫK , (5.1)
where we have defined, as was indicated before, X = eiα |X| and
(
Π0ǫ
)I ≡ ǫI + ie−iαγ0 εIJǫJ , (5.2)
(5.3)
Πx IJ =
1
2
[
δI J + γ
0(x)(σ(x))IJ
]
(no sum) . (5.4)
The gaugini KSE, then, will be solved if we impose the projections
(
Π0ǫ
)I
= 0 , Πx IJǫI = 0 , (5.5)
for all x for which W ix 6= 0. The crucial properties of the Πx are
(Πx)2 = Πx , Tr (Πx) = 4 and [ Πx , Πy ] = 0 , (5.6)
which guarantees that all 3 constraints Πx IJǫI = 0 can, if necessary, be consistently imposed at the
same time. Furthermore, the properties of the Pauli matrices (see Appendix A)9 ensure that these
constraints are consistent with the fourth constraint, namely
(
Π0ǫ
)I
= 0.
Having identified the pertinent projection operators, the remaining checks of the KSEs are straight-
forward and we will be brief: the analysis of the hyperini variation (2.3) implies that eq. (3.26) must
be satisfied and the 0-direction of the gravitino variation (2.1) implies that the Killing spinors are
time-independent. The analysis in the spacelike directions of the gravitino variation is best expressed
in terms of the Ka¨hler-weight zero spinor ηI defined by ǫI = X1/2ηI . The parts of said variation that
do not cancel straightforwardly are
0 = ∂xηI +
[
1
2̟xzz′ ε
yzz′ +
˜ˆ
Ayx − 1√2gε
xzy IΛPΛz
]
i
2 (σ
y)J IηJ . (5.7)
The identification of the spin connection in eqs. (4.23) and (4.24), however, implies that the second
term on the right hand side vanishes, whence preserved supersymmetry implies that ηI is constant.
Summarizing and reformulating the results in this section we see that the Killing spinor takes on
the form ǫI = X1/2ηI , where ηI is a constant spinor satisfying
ΠxJ I ηJ = 0 and 0 = ηI + iγ0 εIJηJ , (5.8)
9 This is easily seen to be true by making use of the identity εIL γ0 ΠxLK = ΠxIL γ0 εLK which expresses the fact that
for the Πx complex conjugation is not the same as raising and lowering SU(2) indices.
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the last restriction being a rescaled version of the constraint (5.2).
Since we must generically impose 4 compatible projection operators, each of which is able to
project out half of the components of the Killing spinor, and we have 8 supercharges at our disposal we
naively should conclude that we must end up with a solution that has no supersymmetry whatsoever.
That this is not the case is due to the structure of the Πx’s and the chirality of the Killing spinor:
it is easy to see that if we impose any pair of them, say
(
Π1ǫ
)
I
= 0 and
(
Π2ǫ
)
I
, then the spinor
automatically satisfies the third one, i.e.
(
Π3ǫ
)
I
= 0. This then means that the configurations that we
have obtained are 18 -BPS.
6 Timelike supersymmetric solutions
The KSIs imply that the supersymmetric configurations that satisfy the zeroth components of the
Maxwell equations and (the Hodge dual of) the Bianchi identities solve all the equations of motion of
the theory.
The zeroth component of (the Hodge dual of) the Bianchi identities is just the Bianchi identity of
the effective 3-dimensional field strength F˜Λxy which has the following 3-dimensional expression:
F˜Λxy = − 1√2εxyz{D˜zI
Λ + gBΛz} , (6.1)
where
BΛz ≡
√
2
[
RΛRΣ + 1
8|X|2 I
ΛΣ
]
PΣ
z . (6.2)
The above equation is a generalization of the well-known Bogomol’nyi equation of Yang-Mills
theories to an (almost arbitrary) 3-dimensional background metric γmn and with an extra term. If
we find A˜Λm,IΛ, BΛx solving that equation, then we have found a A˜Λm that gives rise to the field
strength F˜Λmn with the form prescribed by supersymmetry and the 3-dimensional Bianchi identity
and, therefore, the zeroth component of the 4-dimensional one, are automatically satisfied.
The integrability equation of the Bogomol’nyi equation is a generalization of the gauge-covariant
Laplace equation for the IΛ:
D˜2IΛ + gD˜xBΛx = 0 . (6.3)
Observe that in the above equation the covariant derivatives not only contain the gauge part acting on
the Λ-indices, but also the spin connection for the 3-dimensional base space, which is constrained by
eq. (4.23)10. In the ungauged, Abelian cases, the IΛ are just harmonic functions on R3.
Let us now consider the zeroth component of the Maxwell equations, which can be written as a
sort of Bianchi identity for the dual field strengths FΛ: a lengthy calculation shows that the equation
of motion leads to
− 1√
2
εxyzD˜xF˜Λ yz =
1
2
√
2
gεxyz(dωˆ)xyP
z
Λ+
1
2g
2fΛ(Ω
Γf∆)Γ
Σ IΩI∆IΣ + g
2
4|X|2R
Σ
kΛukΣ
u , (6.4)
where we have defined11
10 Observe that the components of the Abelian Bianchi identity w.r.t. a curved frame reads ∇[aFbc] = 0, the extension to
a non-Abelian one being obvious.
11F˜Λ xy is strictly given by this definition because there are no dual 1-forms AΛ in this formulation.
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F˜Λ xy ≡ − 1√2εxyz
{
D˜xIΛ + gBΛ x
}
, (6.5)
BΛ x ≡
√
2
[
RΛRΣ + 1
8|X|2 RΛΓI
ΓΣ
]
P
x
Σ . (6.6)
If we use eq. (4.17), which defines the 1-form ωˆ to express the equation, as much as possible, in terms
of R and I , we get
− 1√
2
εxyzD˜xF˜Λ yz =
1√
2
g〈I | D˜xI〉 PxΛ + 12g2fΛ(ΩΓf∆)ΓΣ IΩI∆IΣ
+ g
2
4|X|2RΣ [kΛukΣu − PΛxPΣx ] .
(6.7)
Observe that the above equation reduces in the hyperless case, i.e. PxΛ = 0, to the expression given in
[14, 23].
7 Conclusions
In this article we have obtained the form of the most general supersymmetric solution to gauged
N = 2, d = 4 supergravity coupled to YM-vector multiplets and hypermultiplets and showed that
we are generically dealing with 18 -BPS solutions. The generic form of the solutions is the one already
known from earlier investigations, but there are some fine differences; for example in ungauged case
the base space is just R3 and in (Abelian) gauged SUGRA the base space becomes torsionful [15], or
said differently it must have a non-trivial SO(2) holonomy in order to be able to kill off the effective
U(1) gauge field induced on the base space. In our case, see eq. (4.23), we have to face in general a
base space with SO(3) holonomy as we have to kill off an effective SU(2) gauge field.
Clearly, the general equations that need to be solved, such as the generalized Bogomol’nyi equa-
tion in eq. (6.1), look daunting and a general solution is out of reach. But as mentioned in the in-
troduction, interesting solution can be found and we hope that the results presented in this article
makes finding them easier. An interesting sub-case to consider would be a theory with an SU(2)
Fayet-Iliopoulos term along the lines of ref. [39]; work in this direction is in progress.
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A Pauli matrices
The Hermitean, unitary, traceless, 2× 2 Pauli matrices σx (x = 1, 2, 3) are
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σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (A.1)
They satisfy the following properties:
(σx)IJ(σ
y)JK = δ
xyδIK + iε
xyz(σz)IK , (A.2)
δKJδ
L
I =
1
2δ
K
Iδ
L
J +
1
2(σ
m)KI(σ
m)LJ , (A.3)
εIJεKL = −23(σx)[I [K(σx)J ]L] , (A.4)
(σ[x|)I J(σ|y])KL = − i2εxyz[δIL(σz)KJ − (σz)ILδKJ ] , (A.5)
εK[I(σ
x)KJ ] = (σ
x)[IKε
J ]K = 0 , (A.6)
εLI(σ
x)IJε
JK = (σx)KL , (A.7)
[
(σx)I Jε
JK
]∗
= −εIJ(σx)JK . (A.8)
Taking into account the above properties, we have the following decompositions:
V IJ =
1
2V δ
I
J +
1√
2
V x (σx)IJ ,
V = δJ IV
I
J ,
V xµ =
1√
2
(σx)J IV
I
J ,
(A.9)
where V and V x are real if V IJ is Hermitian, and
AIJ =
1
2A εIJ +
i√
2
Ax εIK(σ
x)KJ ,
A = εIJAIJ ,
Ax = i√
2
(σx)IKε
KJAIJ ,
(A.10)
or
AIJ ≡ (AIJ )∗ = 12A∗ εIJ + i√2Ax ∗ (σx)IKεKJ ,
A∗ = εIJAIJ ,
Ax ∗ = i√
2
εIK(σ
x)KJA
IJ .
(A.11)
In the particular case of the 1- and 2-form spinor bilinears Vˆ IJ and ΦˆIJ these decompositions are
related by [32]
Φˆx =
i
2X∗
[
Vˆ x ∧ Vˆ + i ⋆ (Vˆ x ∧ Vˆ )
]
. (A.12)
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B Gauging holomorphic isometries of Special Ka¨hler Geometries
In this appendix we will review some basics of the gauging of holomorphic isometries of the special
Ka¨hler manifold in N = 2, d = 4 supergravities coupled to vector supermultiplets with the aim of
fixing our conventions.
We start by assuming that the Hermitean metric Gij∗ admits a set of Killing vectors12 {KΛ =
kΛ
i∂i + k
∗
Λ
i∗∂i∗} satisfying the Lie algebra
[KΛ,KΣ] = −fΛΣΩKΩ , (B.1)
of the group GV that we want to gauge.
Hermiticity and the ij and i∗j∗ components of the Killing equation imply that the components
kΛ
i and k∗Λi
∗
of the Killing vectors are, respectively, holomorphic and anti-holomorphic and satisfy,
separately, the above Lie algebra. Once (anti-) holomorphicity is taken into account, the only non-
trivial components of the Killing equation are
1
2£ΛGij∗ = ∇i∗k∗Λ j +∇jkΛ i∗ = 0 , (B.2)
where £Λ stands for the Lie derivative w.r.t. KΛ.
The standard σ-model kinetic term Gij∗∂µZi∂µZ∗j∗ is automatically invariant under infinitesimal
reparametrizations of the form
δαZ
i = αΛkΛ
i , (B.3)
if the αΛs are constants. If they are arbitrary functions of the spacetime coordinates αΛ(x) we need
to introduce a covariant derivative using as connection the vector fields present in the theory. The
covariant derivative is
DµZ
i = ∂µZ
i + gAΛµkΛ
i , (B.4)
and transforms as
δαDµZ
i = αΛ(x)∂jkΛ
iDµZ
j = −αΛ(x)(£Λ −KΛ)DµZj , (B.5)
provided that the gauge potentials transform as
δαA
Λ
µ = −g−1DµαΛ ≡ −g−1(∂µαΛ + gfΣΩΛAΣµαΩ) . (B.6)
For any tensor13 Φ transforming covariantly under gauge transformations, i.e. tranforming as
δαΦ = −αΛ(x)(£Λ −KΛ)Φ , (B.7)
the gauge covariant derivative is given by
DµΦ = {∇µ +DµZiΓi +DµZ∗i∗Γi∗ − gAΛµ(£Λ −KΛ)}Φ . (B.8)
In particular, on DµZi
12The index Λ always takes values from 1 to n¯, but some (or all) the Killing vectors may be zero.
13Spacetime and target space tensor indices are not explicitly shown.
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DµDνZ
i = ∇µDνZi + ΓjkiDµZjDνZk + gAΛµ∂jkΛiDνZj , (B.9)
[Dµ,Dν ]Z
i = gFΛµνkΛ
i , (B.10)
where
FΛµν = 2∂[µA
Λ
ν] + gfΣΩ
ΛAΣ[µA
Ω
ν] , (B.11)
is the gauge field strength and transforms under gauge transformations as
δαF
Λ
µν = −αΣ(x)fΣΩΛ FΩµν . (B.12)
An important case is that of tensors which only depend on the spacetime coordinates through the
complex scalars Zi and their complex conjugates so that ∇µΦ = ∂µΦ = ∂µZi∂iΦ + ∂µZ∗i∗∂i∗Φ.
This can only be true irrespectively of gauge transformations if the tensor Φ is invariant, that is
£ΛΦ = 0 . (B.13)
The gauge covariant derivative of invariant tensors is always the covariant pullback of the target co-
variant derivative:
DµΦ = DµZ
i∇iΦ+DµZ∗i∗∇i∗Φ . (B.14)
Now, to make the σ-model kinetic gauge invariant it is enough to replace the partial derivatives by
covariant derivatives.
In N = 2, d = 4 supergravity, however, the scalar manifold is not just Hermitean, but special
Ka¨hler, and simple isometries of the metric are not necessarily symmetries of the theory: they must
respect the special Ka¨hler structure. Let us first study how the Ka¨hler structure is preserved.
The transformations generated by the Killing vectors will preserve the Ka¨hler structure if they
leave the Ka¨hler potential invariant up to Ka¨hler transformations, i.e., for each Killing vector KΛ
£ΛK ≡ kΛi∂iK + k∗Λi
∗
∂i∗K = λΛ(Z) + λ∗Λ(Z∗) . (B.15)
From this condition it follows that
£ΛλΣ −£ΣλΛ = −fΛΣΩλΩ . (B.16)
On the other hand, the preservation of the Ka¨hler structure implies the conservation of the Ka¨hler
2-form J
£ΛJ = 0 . (B.17)
The closedness of J implies that £ΛJ = d(ikΛJ ) and therefore the preservation of the Ka¨hler
structure implies the existence of a set of real 0-forms PΛ known as momentum map such that
ikΛJ = PΛ . (B.18)
A local solution for this equation is provided by
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iPΛ = kΛi∂iK − λΛ , (B.19)
which, on account of eq. (B.15) is equivalent to
iPΛ = −(k∗Λi
∗
∂i∗K− λ∗Λ) , (B.20)
or
PΛ = ikΛQ− 12i(λΛ − λ∗Λ) . (B.21)
The momentum map can be used as a prepotential from which the Killing vectors can be derived:
kΛ i∗ = i∂i∗PΛ . (B.22)
Using eqs. (B.1),(B.15) and (B.16) one finds
£ΛPΣ = 2ik[Λik∗Σ]j
∗Gij∗ = −fΛΣΩPΩ . (B.23)
The gauge transformation rule a symplectic section Φ of Ka¨hler weight (p, q) is14
δαΦ = −αΛ(x)(LΛ −KΛ)Φ , (B.24)
where LΛ stands for the symplectic and Ka¨hler-covariant Lie derivative w.r.t. KΛ and is given by
LΛΦ = {£Λ − [SΛ − 12(pλΛ + qλ∗Λ)]}Φ , (B.25)
where the SΛ are sp(n¯,R) matrices that provide a representation of the Lie algebra of the gauge group
GV :
[SΛ,SΣ] = +fΛΣΩSΩ . (B.26)
The gauge covariant derivative acting on these sections is given by
DµΦ = {∇µ +DµZiΓi +DµZ∗i∗Γi∗ + 12(pkΛi∂iK + qk∗Λi
∗
∂i∗K)
+gAΛµ[SΛ + i2 (p− q)PΛ − (£Λ −KΛ)]}Φ .
(B.27)
Invariant sections are those for which
LΛΦ = 0 , ⇒ £ΛΦ = [SΛ − 12(pλΛ + qλ∗Λ)]Φ , (B.28)
and their gauge covariant derivatives are, again, the covariant pullbacks of the Ka¨hler-covariant deriva-
tives:
DµΦ = DµZ
iDiΦ+DµZ∗i∗Di∗Φ . (B.29)
By hypothesis (preservation of the special Ka¨hler structure), the canonical weight (1,−1) section
V is an invariant section
KΛV = [SΛ − 12(λΛ − λ∗Λ)]V , (B.30)
and its gauge covariant derivative is given by
14Again, spacetime and target space tensor indices are not explicitly shown. Symplectic indices are not shown, either.
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DµV = DµZiDiV = DµZiUi . (B.31)
Using the covariant holomorphicity of V one can write
KΛV = kΛiUi − iPΛV − 12(λΛ − λ∗Λ)V , (B.32)
and, comparing with eq. (B.30) and taking the symplectic product with V∗, we find another expression
for the momentum map
PΛ = 〈 V∗ | SΛV 〉 , (B.33)
which leads, via eq. (B.22) to another expression for the Killing vectors
kΛ
i = i∂iPΛ = i〈 V | SΛU∗i 〉 . (B.34)
If we take the symplectic product with V instead, we get the following condition
〈 V | SΛV 〉 = 0 . (B.35)
Using the same identity and Gij∗ = −i〈 Ui | U∗j∗ 〉 one can also show that
kΛ
ik∗Σ
j∗Gij∗ = PΛPΣ − i〈 SΛV | SΣV∗ 〉 . (B.36)
It follows that
〈 S[ΛV | SΣ]V∗ 〉 = −12fΛΣΩPΩ. (B.37)
The gauge covariant derivative of Ui is
DµUi = DµZjDjUi +DµZ∗j∗Dj∗Ui = iCijkU∗jDµZk + Gij∗VDµZ∗j∗ . (B.38)
Then, explicitly, the covariant derivative on the upper LΛ and lower MΛ components of the
canonical section and on the supersymmetry parameters ǫI , which are of (12 ,−12) weight, are given
by
DµLΛ = ∂µLΛ + iQˆµLΛ + gAΩfΩΣΛLΣ , (B.39)
DµMΛ = ∂µMΛ + iQˆµMΛ − gAΩfΩΛΣMΣ , (B.40)
DµǫI =
{
∇µ + i2Qˆµ
}
ǫI , (B.41)
where we have defined
Qˆµ ≡ Qµ + gAΛµPΛ . (B.42)
The formalism, so far, applies to any group GV of isometries. However, we will restrict ourselves
to those for which the matrices
SΛ =

 aΛΩΣ bΛΩΣ
cΛΩΣ dΛΩ
Σ

 , (B.43)
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have b = c = 0. The symplectic transformations with b 6= 0 are not symmetries of the action and the
gauging of symmetries with c 6= 0 leads to the presence of complicated Chern-Simons terms in the
action. The matrices a and d are
aΛ
Ω
Σ = fΛΣ
Ω , dΛΩ
Σ = −fΛΩΣ . (B.44)
These restrictions lead to additional identities. First, observe that the condition eq. (B.35) takes the
form
fΛΣ
ΩLΣMΩ = 0 , (B.45)
and the covariant derivative of eq. (B.35) 〈 V | SΛUi 〉 = 0
fΛΣ
Ω(fΣiMΩ + hΩ iLΣ) = 0 . (B.46)
Then, using eqs. (B.33) and (B.34) and eqs. (B.35),(B.45) and (B.46) we find that
LΛPΛ = 0 , (B.47)
LΛkΛi = 0 , (B.48)
L∗ΛkΛi = −if∗Λ iPΛ . (B.49)
From the first two equations it follows that
LΛλΛ = 0 . (B.50)
Some further equations that can be derived and are extensively used in the calculation throughout
the text are explicit versions of Eqs. (B.33) and (B.34), i.e.
PΛ = 2fΛΣΓℜe
(LΣM∗Γ) , kΛ i∗ = ifΛΣΓ (f∗Σi∗ MΓ + LΣh∗Γi∗) . (B.51)
Finally, notice the identity
kΛ i∗DZ
∗i∗ − k∗ΛiDZi = iDPΛ = i(dPΛ + gfΛΣΩAΣPΩ) . (B.52)
The absolutely last comment in this appendix is the following: if we start from the existence of a
prepotential F(X ), then eq. (B.35) implies
0 = fΛΣ
Γ XΣ∂Γ F , (B.53)
the meaning of which is that one can gauge only the invariances of the prepotential. To put it differ-
ently: if you want to construct a model having g as the gauge algebra, you need to pick a prepotential
that is g-invariant.
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C Gauging isometries of quaternionic Ka¨hler manifolds
We start by assuming that the metric Huv admits Killing vectors kΛu satisfying the Lie algebra
[kΛ, kΣ] = −fΛΣΩkΩ , (C.1)
where, as in previous cases, for certain values of Λ the vectors and the structure constants can vanish.
The metric and the ungauged sigma model are invariant under the global transformations
δαq
u = αΛkΛ
u(q) . (C.2)
In order to make this global invariance local, we just have to replace the standard derivatives of
the scalars by the covariant derivatives
Dµq
u ≡ ∂µqu + gAΛµkΛu , (C.3)
which will transform according to
δαDµq
u = αΛ(x)∂vkΛ
uDµq
v , (C.4)
provided that the gauge potentials transform in the standard form eq. (B.6).
This is enough to gauge the global symmetry of the scalars’ kinetic term. However, the isometries
of the metric need not be global symmetries of the full supergravity theory. They have to preserve the
quaternionic-Ka¨hler structure as well, and not just the metric. In order to discuss the preservation of
this structure, we need to define SU(2)-covariant Lie derivatives.
Let ψx(q) be a field on HM transforming under infinitesimal local SU(2) transformations accord-
ing to
δλψ
x = −εxyzλyψz . (C.5)
Its SU(2)-covariant derivative is given by
Dψx = dψx + εxyzAyψz , (C.6)
where the SU(2)-connection 1-form transforms as
δλA
x = Dλx . (C.7)
To define an SU(2)-covariant Lie derivative with respect to the Killing vector kΛ LΛ, we add to
the standard one £Λ a local SU(2) transformation whose transformation parameter is given by the
compensator field WΛx:
LΛψ
x ≡ £Λψx + εxyzWΛyψz , (C.8)
which is such that
δλWΛ
x = £Λλ
x − εxyzλyWΛz = LΛλx . (C.9)
LΛ is clearly a linear operator which satisfies the Leibnitz rule for scalar and vector products of
SU(2) vectors. The Lie derivative must also satisfy
[LΛ, LΣ] = L[kΛ, kΣ] (C.10)
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which implies the Jacobi identity. This requires
£ΛWΣ
x −£ΣWΛx + εxyzWΛyWzΣ = −fΛΣΓWΓx , (C.11)
where, due to the assumed linear dependency of WΛ on kΛ, W[kΛ, kΣ] = −fΛΣΓWΓ.
In order to satisfy equation (C.11) we introduce another SU(2) vector PΛx such that
WΛ
x ≡ kΛuAxu − PΛx , (C.12)
which has to satisfy the equivariance condition
DΛPΣ
x − DΣPΛx − εxyzPΛyPΣz − κ kΛukΣv Kxuv = −fΛΣΓPΓx , (C.13)
where DΛ ≡ kΛuDu and we have used the fundamental property of the hyperKa¨hler manifolds
F
x = κ Kx , (C.14)
where
F
x ≡ dAx + 12εxyz Ay ∧ Az , (C.15)
is the field strength of the SU(2)-connection and κ is a non-vanishing real number which has to be
negative for the kinetic energy of the hyperscalars to be positive; we take κ = −2 as to have a
conventionally defined kinetic term for the hyperscalars.
PΛ
x is going to be the triholomorphic momentum map when we impose the preservation of the
hyperKa¨hler structure Kx by the global transformations eq. (C.2) and the compensating SU(2) trans-
formation with parameter WΛ. This condition is expressed using L as
LΛK
x
uv = £ΛK
x
uv + ε
xyz(kΛ
w
A
y
w − PΛy)Kzuv = −2D[u|(kΛwKxw|v])− εxyzPΛyKzuv = 0 .
(C.16)
Using the covariant constancy of the hyperKa¨hler structure, this condition can be rewritten in the form
2(∇[u|kΛw)Kxw|v] − εxyzPΛyKzuv = 0 , (C.17)
and, contracting the whole equation with Ky uv we find
K
xuv∇ukΛ v = −2mPΛx . (C.18)
Acting on both sides of this equations with Dw and using the Killing vector identity ∇w∇ukΛ v =
RwruvkΛ
r we get
kΛ
rRwruvK
x uv = −2mDwPΛx . (C.19)
Finally, using
K
x
uv = −iσxIJUαIuUβJvCαβ , σxIJ ≡ σxIKεJK , (C.20)
in
Rts
uv
U
αI
u U
βJ
v = −GIJts Cαβ − R αβts εIJ = FIJts Cαβ − R αβts εIJ , (C.21)
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we get
RwruvK
xuv = −2m Fxwr = −2mκ Kxwr . (C.22)
Substituting above, we arrive at
DuPΛ
x = κ KxuvkΛ
v , (C.23)
which can be taken as the defining equation of the triholomorphic momentum map. From this equation
we find
DΣPΛ
x = κ kΣ
u
kΛ
v
K
x
uv , (C.24)
and, substituting directly in eq. (C.13) we obtain
LΛPΣ
x = DΛPΣ
x − εxyzPΛyPΣz + fΛΣΩPΩx = 0 , (C.25)
which says that the triholomorphic momentum map is an invariant field and
εxyzPΛ
y
PΣ
z − κ kΛukΣvKxuv = fΛΣΩPΩx . (C.26)
Now, for a field Φ (possibly with spacetime, quaternionic, SU(2) or gauge indices) which under
eq. (C.2) transforms according to
δαΦ = −α(LΛ − kΛ)Φ , (C.27)
we define the gauge covariant derivative
DµΦ ≡ {∇µ +DµquΓu − gAΛµ(LΛ − kΛ) +DµquAxu}Φ . (C.28)
For the triholomorphic momentum map, we have, on account of eq. (C.25), which we can rewrite
in the form
kΛ
u∂uPΣ
x = −εxyz(kΛuAyu − PΛy)PΣz − fΛΣΩPΩx , (C.29)
the following expressions for its gauge covariant derivative
DµPΛ
x = ∂µPΛ
x + εxyzAˆyµPΛ
z + fΛΣ
ΩAΣµPΩ
x , (C.30)
DµPΛ
x = Dµq
u
DuPΛ
x , (C.31)
where we have defined
Aˆ
x
µ ≡ ∂µquAxu + gAΛµPΛx . (C.32)
Under eq. (C.2), spinors with SU(2) indices undergo the following transformation
δαψI = −αΛWΛx i2σxIJψJ . (C.33)
Then, using the general formula, their covariant derivative is given by
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DµψI = ∇µψI + Aˆxµ i2σxIJψJ . (C.34)
If we take into account their Ka¨hler weight and possible gaugings of the isometries of the special-
Ka¨hler manifold, we have for the supersymmetry parameters of N = 2, d = 4 supergravity
DµǫI = {∇µ + i2Qˆµ}ǫI + Aˆxµ i2σxIJǫJ . (C.35)
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